Online & Predictively-Oriented Model
Fusion

Daniel Waxman
Basis Research Institute

BASIS ISBA World Meeting

July 2nd, 2026



Supervised Learning



Supervised Learning

Training Data

i.i.d.
LnyYn ~~ p(may)

2.1



Supervised Learning

Training Data

i.i.d.
LnyYn ~~ p(may)

—

Machine Learning Model

0

2.2



Supervised Learning

Training Data

i.i.d.
LnyYn ~~ p(may)

x ~ p(x)

l

—

Machine Learning Model

0

2.3



Supervised Learning

Training Data

i.i.d.
LnyYn ~~ p(may)

x ~ p(x)

l

—

Machine Learning Model

0

YEB = argmax¢p(y EX")

l

ylz ~ p(y|z)

2.4



Online Learning



Online Learning

L1

ML Model
o

3.1



Online Learning

L1

)

ML Model
0o

3.2



Online Learning

L1

)

ML Model
0o

)

p(y ’ X, DO)

3.3



Online Learning

L1 L9

)

ML Model
0o

)

p(y ’ X, DO)

3.4



Online Learning

L1

)

L9

\

ML Model
0o

ML Model
01

)

p(y ’ X, DO)

3.5



Online Learning

L1

)

L9

\

ML Model{|ML Model
90 91
p(y!x,Do) p(y!x,D1)

3.6



Online Learning

L1

)

L9

\

ML Model{|ML Model
90 91
p(y!x,Do) p(y!x,D1)

3.7



Online Learning

I 92 L3
ML Model|{|ML Model||ML Model
0() 91 92
p(y|x,Do)  p(y|x,D1)

3.8



Online Learning

I 92 L3
ML Model|{|ML Model||ML Model
0() 91 92
p(y|x,Do) py|x,D1) py|x,D2)

3.9



Online Learning

I 92 L3
ML Model|{|ML Model||ML Model
0() 91 92
p(y|x,Do) py|x,D1) py|x,D2)

L4

3.10



Online Learning

1 i) I3 L4
ML Model|{|ML Model||ML Model||ML Model
0() 91 92 93
p(y|x,Do) py|x,D1) ply|x,D2)

3.1



Online Learning

1 i) I3 L4
ML Model|{|ML Model||ML Model||ML Model
0() 91 92 93
p(y|x,Do) py|x,D1) py|[x,D2) p(y|x,Ds)

3.12



Online Learning

1 i) I3 L4
ML Model|{|ML Model||ML Model||ML Model
0() 91 92 93
p(y|x,Do) py|x,D1) py|[x,D2) p(y|x,Ds)

3.13



Online Learning

L1 L2 3 T4 Is
ML Model|{|ML Model||ML Model|{|ML Model||ML Model
0() 91 92 93 (94
p(y|x,Do) py|x,D1) py|[x,D2) p(y|x,Ds)

3.14



Online Learning

L1 L2 3 T4 Is
ML Model|{|ML Model||ML Model||ML Model||ML Model
0() 91 92 93 (94
py|x,Do) py|x,D1) ply|x,D2) »ply|x,D3) p(y|x,Dy)

3.15



Online Learning

L1 L2 3 T4 Is
ML Model|{|ML Model||ML Model||ML Model||ML Model
0() 91 92 93 (94
py|x,Do) py|x,D1) ply|x,D2) »ply|x,D3) p(y|x,Dy)

YmL = argmax,p(y | T, v)?

3.16



Online Model Fusion



Online Model Fusion

t=1

My, 6V
pi(y1 | x1,65")

pa(y1 | x1,65)
Ms, 61
p3(yn | x1,68")

!
p(ins (y ’ X, DO)

4.1



Online Model Fusion

t=1

My, 6V
pi(y1 | x1,65")

pa(y1 | x1,65)

Ms, 61

ps(y1 | x1,65))

p(ins (y ’ X, DO)

t =2

My, 6V
p1(ys | x2,68")

pa(ys | x2,6)

Ms, 6

ps(ys | x2,6”)

pgns (y ‘ X, Dl)

4.2



Online Model Fusion

t=1

My, 6V
pi(y1 | x1,65")

pa(y1 | x1,65)

Ms, 61

ps(y1 | x1,65))

p(ins (y ’ X, DO)

t =2

My, 6V
p1(ys | x2,68")

pa(ys | x2,6)

Ms, 6

ps(ys | x2,6”)

pgns (y ‘ X, Dl)

t=3

My, 65V
p1(ys | x3,65")

pa(ys | x3,65)

Ms, 65
ps(ys | x3,65))

Pgns (y ’ X, D2)

4.3



Online Model Fusion

t=1

My, 6V
pi(y1 | x1,65")

pa(y1 | x1,65)

Ms, 61

ps(y1 | x1,65))

p(ins (y ’ X, DO)

t =2

My, 6V
p1(ys | x2,68")

pa(ys | x2,6)

Ms, 6

ps(ys | x2,6”)

pgns (y ‘ X, Dl)

t=3

My, 65V
p1(ys | x3,65")

pa(ys | x3,65)

Ms, 65
ps(ys | x3,65))

Pgns (y ’ X, D2)

t=4

My, oY
p1(ya | x4, 65"

pa(ya | X4,65)

Ms, 6
p3(ya | X4,65))

!
p?lns (y | X, D3)

4.4






There is a Bayesian solution to this problem

5.1



There is a Bayesian solution to this problem

It suffers from model mis-specification

5.2



There is a Bayesian solution to this problem

It suffers from model mis-specification

We can instead pursue a type of predictively-oriented approach

5.3



There is a Bayesian solution to this problem

It suffers from model mis-specification

We can instead pursue a type of predictively-oriented approach

This special case gives explicit finite-sample guarantees about
better performance
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Forming Online

Ensembles Online Bayesian Stacking

Application to Filtering

DW, Llorente, F., & Djuric, P. (2026). Bayesian Ensembling:
Insights from Online Optimization and Empirical Bayes.
Transactions on Machine Learning Research.
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Bayesian Ensembles

The general problem of Bayesian ensembles is to determine
an ensemble posterior predictive combining densities

P1,...,PK.
pens(y*‘wﬂqp) — g(pla s 7pK)-

This simplifies significantly if we choose a log-linear or linear
ensemble:

log P51 (|2, D) = 12, w; log pi (3| 2+, D).
: K
phn(y*|w*7D) — 21:1 wipi(y*‘mwp)-

We'll focus on the setting with linear ensembles, in online
settings.
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Bayesian model averaging (BMA) is the most common
approach to linear weighting.

BMA weighs each model according to its a posteriori
probability:
wy, = Pr(M;|D) x p(D|My,)p(My).

In the online setting, we obtain recursive weights via the
prequential decomposition of the log-likelihood:

log p(Dp|My) = 3, log pi.(ve|xt, Dy 1)
thivllﬁe X wt,kpk(yt+1 ‘Xt+17 Dt),

where D; is all data up to and including (x:, y:).
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BMA Collapses

BMA is simple, and often effective. But it suffers from model
mis-specification.

In fact, we can show Bayesian inference is performing model
selection here.

Proposition : Let the regret of the BMA mixture
with respect to the best individual model be defined as

Ry = Zlogpk* (yt|xt7Dt—1) — Zt log (Zk wt,kpk(yt\xt, Dt—l)) )
¢

A\ >4

P(D;(Mk*)
where k, is the model with the largest marginal likelihood.
Then Ry is related to an evidence gain in M,
Ry = log Pr(Mp+|Dr) /Pr(Mp-).
Takeaway: BMA performance is closely tied to model
selection.
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BMA Collapses

In fact, we can show this collapse behaves exactly like an
online model selection algorithm!

Corollary . Let the regret of the BMA mixture
with respect to the best individual model be defined as in
the previous slide.

If the posterior probability of the optimal model M;.
exceeds its prior probability, i.e., Pr(My:|D) > Pr(My-),
then Ry is bounded both above and below,

0 < Ry < —log Pr(M;:).
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Bayesian Stacking

One way to beat BMA is to optimize the weights themselves.

Bayesian stacking optimizes weights over a
validation set:

w* = arg max,, sk Z(xnayn)epval 10g Zszl WPk (yn ’Xn, Dtrain)

This is a type of predictively-oriented inference
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In cases where mis-specification is present,
predictively-oriented (PrO) posterior:

II, = arg min { Zlogpnn(yi | %) + KL(HnHH)} :
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Bayesian stacking is this objective on w, with an improper prior:
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(
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Bayesian Stacking and PrO Inference

In cases where mis-specification is present, propose the
predictively-oriented (PrO) posterior:

I, = arg min { ; log pr, (yi | xi) + KL(HnIIH)} :

Bayesian stacking is this objective on w, with an improper prior:
( )

~~

n K
w* = arg min { — Z log Z wkpk(yz’ \ Xi, Dtrain)
k=1

cSK
v i=1

\ pr (i) J
We will pursue an online form of the Bayesian stacking objective, which has
clear finite-sample guarantees over the Bayesian solution.
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Online Bayesian Stacking

For the online scenario, we introduce a prequential version
of the online stacking objective,

T K
w* = arg max, e Y7o log K| wipi (4rlxs, Dy ).

This has been approached in time series settings before, but
never for online learning.

We call the resulting problem and its analysis online
Bayesian stacking (OBS).

It turns out that its analysis is tractable and classic, by
connecting to online portfolio selection.
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Portfolio Selection

At each time ¢, an investor allocates capital across K assets with weights

W € SK,

e Fach asset produces a return ry;.
e The investor's wealth thus grows by w, r;.

e Goal: choose weights sequentially to perform nearly as well as some
comparator, usually the best fixed w in hindsight.

wealthr = H;F:l w, = log wealthy = Zle log(w; 7¢)
Importantly, regret is now with respect to the marginal
likelihood of the best mixture, not best model!
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Theorem : Update the weights at each
step according to the following rule:

w; Oexp(nry/ th Tt)
Jwi@exp(nre/w, 7)1

Under mild conditions, the regret of this algorithm is
bounded.

Furthermore, the regret is sublinear, i.e., its average is
decreasing over time.
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OPS Algorithms

OPS algorithms come with robust regret guarantees, that
guarantee strong performance in adversarial conditions.
Let's look at one such algorithm.

Theorem : Update the weights at each
step according to the following rule:

w; Oexp(nry/ th Tt)
Jwi@exp(nre/w, 7)1

where 7 is a learning rate parameter and @ is the element-
wise product.

If the gradients are bounded by G, the regret for a
predetermined time T is bounded by

Rr < GTC"’\/ZTlogK

for some n > 0. This is sublinear.

W1 =
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OPS Algorithms

One of the exciting things about this equivalence is that
many algorithms exist to provide different bounds! Some
variants include

e The Online Newton Step (ONS) algorithm, which provides
logarithmic regret with bounded gradients.

e The dynamic ONS (D-ONS) algorithm, which adapts ONS
to non-stationary environments and can beat the BCRP.

e Algorithms with data-dependent regret bounds.

e Algorithms with robust switching regret guarantees.
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OBS Performs Well

We begin with a famous toy example to illustrate the
effectiveness of OBS.

We consider data from a linear model, where each model is
missing input features.

True model included True model not included
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Weights Converge

Weights additionally appear to sensibly converge.
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Application to Filtering

Essentially all of these online Bayesian models amount to
some sort of filtering algorithm.

Filtering algorithms use sequential Bayesian inference to
update posteriors as new observations y; arrive.

As OBS provides adversarial regret guarantees, it is
particularly well-suited to classical multiple model filtering
algorithms.
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Application to Filtering: Bank of Filters

In a static multiple-model (bank-of-filters) setup, each
model/filter k provides p*) (z; | y1.¢), and we fuse them as

P(il?t \ yl:t) — Zszl Wt k P(k)(ﬂft | ylzt)-

Classically, bank-of-filters uses BMA-like model probabilities

(O-BMA), updated by one-step predictive likelihoods:

wir® oc wi P (e | yr-1).

OBS keeps this same bank-of-filters fusion form, but replaces
the BMA-style weights with online-optimized weights.
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Vanilla IMM then updates model probabilities in a BMA-like
way:

gt} o il 09 (e | e ).

OBS-IMM variant: keep IMM mixing/moment-matching intact,
but replace this BMA-like probability update with an OBS

update over {pt)(y; | Y1t-1) Hy -
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OBS-IMM Results

This results in strong performance, and provable theory
under model mis-match.
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OBS-IMM Results

This results in strong performance, and provable theory
under model mis-match.

For example, OBS-IMM is superior when we generate data
from a Lorenz 63 system and learn neural network drifts.

Method Emission RMSE Emission PLI. State RMSE State PLL
MM 6.4155 -21.8137 6.2712 -343.6448
IMM-SOft-BayeS 3.1274 -6.1889 2.8419 -9.1504

IMM-ReSeT-Soft-Bayes 3.6924 -9.0120 3.5550  -53.6171
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A Theoretical Problem PrO Filtering

This is exciting! But we shouldn't be too hasty; theoretical
analysis of OBS-IMM reveals a pernicious question:

When does a predictively-superior filter result in a better
state estimate?

This question underpins the utility of other applications,
such as predictively-oriented Kalman filtering

26.2



Summary

27



Summary

Online Bayesian inference is a practical problem that shows
up in lots of contexts, with difficult-to-answer
hyperparameter optimization problems.

271



Summary

Online Bayesian inference is a practical problem that shows
up in lots of contexts, with difficult-to-answer
hyperparameter optimization problems.

A common way to cope is to adapt online models with
different hyperparameters, and fuse/ensemble them.

27.2



Summary

Online Bayesian inference is a practical problem that shows
up in lots of contexts, with difficult-to-answer
hyperparameter optimization problems.

A common way to cope is to adapt online models with
different hyperparameters, and fuse/ensemble them.

The Bayesian approach is well-known, but suffers from
extreme model mis-specification. We can provably show it
behaves unintuitively and poorly!

27.3



Summary

Online Bayesian inference is a practical problem that shows
up in lots of contexts, with difficult-to-answer
hyperparameter optimization problems.

A common way to cope is to adapt online models with
different hyperparameters, and fuse/ensemble them.

The Bayesian approach is well-known, but suffers from
extreme model mis-specification. We can provably show it
behaves unintuitively and poorly!

We introduce a predictively-oriented version; this comes with
simple and robust performance guarantees over the
Bayesian solution.
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Questions?

danwaxman.github.io
dan@basis.ai



